43 

03 



o 



Operators generated by Morse-Smale 

mappings 



O ; A. Antonevich 

Institute of Mathematics, University of Bialystok 



Akademicka 2, 15-267 Bialystok, Poland 
E-mail: antonevich@bsu.by 



J. Makowska 

; Institute of Mathematics, University of Bialystok 

Akademicka 2, 15-267 Bialystok, Poland 



E-mail: makowska@math.uwb.edu.pl 



> 
m 

^vq 1 Abstract 

Weighted shift operators B in space L 2 (X,n) that are induced 
by Morse-Smale type of mappings are considered. A description of 
£T) ■ the properties of B — XI for A belonging to spectrum S(-B) is given. 

In particular, there is the necessary and sufficient condition that 
B — XI be a one-sided invertible and the condition that set Im(B — 
XI) be non-closed. These conditions use a new notation: an oriented 
$_i , decomposition of oriented graph G(X, a) generated by mapping a. 

1 Introduction 

A bounded linear operator B acting in Banach space F(X) of functions (or 
vector-valued functions) denned in a set X is called a weighted shift operator 
(WSO) if it can be represented as 

Bu(x) = ao(x)u(a(x)) , x G X, (1-1) 

where a : X — > X is a given mapping and ao is a scalar or matrix-valued 
function on X. 
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Such operators, the operator algebras generated by them and the func- 
tional equations related to such operators have been studied by many au- 
thors in various functional spaces as independent objects and in relation to 
various applications. The properties of WSO depend on: the space of the 
functions under investigation, the form of the coefficients and on map a. 
The main problem, as pertains to this subject, is related to establishing the 
relations between the spectral properties of weighted shift operators and 
the behavior of the trajectories, i.e. the dynamic properties of mapping a 
generating the operator. 

In fact, a description of spectra S(5) in classical spaces was obtained 
in a rather general setting. These results give us the invertibility conditions 
for operator B — XI. Apart from the invertibility conditions, some subtle 
properties of operator B — XI are of considerable interest, such as closedness 
of the range and one-sided invertibility. 

We restrict ourselves below to operators in space L 2 (X, /i), so we formu- 
late results known only for this case without dealing with their generaliza- 
tions to other classes of spaces. 

The relationship between the dynamics of a and the subtle spectral 
properties of a WSO has not been investigated yet. Earlier, such properties 
were studied only for some special classes of maps a. One of these classes 
are the diffeomorphisms of a closed interval where only two fixed points 
exist: those attracting and repelling (j6], [9]). In a general situation the 
relationship between the dynamics of a and the spectral properties of B — XI 
has not been investigate yet. In [I], [5], as model examples, we shall consider 
mapping a on the m— dimensional simplex 

X = {x E [0, l] m : ^ x t ^ x 2 ^ ■ . . ^ x rn ^ 1}, (1.2) 

where (m + 1) fixed points exist: 

F(k) = (0,0,..., 0,1^1^1), fc = 0,l,...,m. 

k 

Point F(0) is repelling, point F(m) is attracting and all of the other points 
F(2), F(3), . . . , F{m — 1) are saddle points. In the present paper we investi- 
gate WSO generated by Morse-Smale type mappings a. A mapping a will be 
called a map of Morse-Smale type if for a a set Fix(a) = {F { : a(Fi) = Fj} 
of periodic points is finite and the trajectory of each point tends to a trajec- 
tory of one of the periodic points when j — > +oo, and tends to a trajectory 
of periodic points (possibly different ones) when j — > —oo. Mappings a from 
the model examples are particular cases of Morse-Smale type of mappings. 
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2 The spectrum of weighted shift operator 

For spaces L 2 (X,p) operator B = aoT a can be conveniently written in the 
form of B = aT a where 

T a u(x) = [p(x)]z u(a(x)) 

is a unitary operator in L 2 (X,p,) and p(x) = ^jb^^ is the Radon- 
Nikodym derivative. This function p exists if and only if map a preserves the 
class of the measure p (i.e. if for a measurable set E equality /i((a _1 (i?))) = 
holds, if and only if p.(E) = 0). When writing the operator in the form of 
B = aT a , the properties of operator B are more simply expressed using the 
reduced coefficient a(x) = \a (x)\{p(x)]~^ . A description of the spectrum 
in space L 2 (X,p) uses the following notions. A measure p on X is called 
ct-invariant, if p{a~ l {u)) = /i(w), for all measurable sets u. A measure p on 
X is called ergodic with respect to a, if from equality ot~ l (u) = to follows 
either p{uj) = or p,(X \co) =0. For a given map a : X — > X, a topological 
space X is called a-connected if cannot be decomposed into two nonempty 
closed subsets invariant with respect to a. 

Theorem 2.1 ([7]. [5]. [TO]). Let X be a compact space, p, be a measure on 
X, such that its support coincides with the whole space. Let a : X — > X be 
an invertible continuouse mapping, preserving the class of measure p. Let 
a G C(X). Let R(B) be the spectral radius of the operator B = aT a . Then 
the following relation holds in L 2 {X,p): 



R(B) = max exp[ / In |a(x)|dz/] 

u£M a {X) J x 



where a is the reduced coefficient and M a (X) is the set of probability mea- 
sures on X , invariant and ergodic with respect to the mapping a. If the set 
of nonperiodic point of the map a is everywhere dense in X , and the space 
X is a-connected and a(x) ^ for all x, then the spectrum is a subset 

of the ring 

E(5) = {A e C : r{B) < |A| < R{B)} (2.1) 



where 



r(B)— min exp[ / In |a(x)|dz/]. 

v&M a {X) J x 



For a Morse-Smale type mapping a a set M a (X) consists of finitely 
many measures, each of which is concentrated on the trajectory of one of 
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the periodic points 

M a (X) = {S F , F G Fix(a)} 

where 

e / \ / 1, for Few; 

v. e$ M")- j Qj for FeX \ u , 

In addition, for such a mapping the set of nonperiodic points is dense in 
X (with the exception of degenerate cases, when the fixed points are iso- 
lated points of space X). Therefore, for maps of the Morse-Smale type, 
Theorem 12.11 gives an explicit description of the spectrum. 

Corollary 2.2. If a : X — )■ X is a Morse-Smale type of mapping, a G C(X) 
and a(x) ^ V z; then the spectrum of operator B = aT a in space 

L 2 (X, fj,) is a subset of the ring A2.1\) where 

R(B) = max \a(F)\, r(B) = min \a(F)\. 

FeFix(a) FeFix(a) 



3 Model examples. WSO on m- dimensional 
simplex X C [0, l] m 

We shall consider the class of mappings a : X — > X of the form 

a(xi, x 2 , • • • , x n ) = (y(xi),y(x 2 ), • ■ ■ , j{x n ))- (3.1) 

Where 7 : [0, 1] — > [0, 1] be a diffeomorphism with only two fixed points: 
and 1. To be exact, we suppose that 7(2;) > x for < x < 1. 

Our map a has in X only m + 1 fixed points F(k), k G {0, 1, . . . , m}. 
Let us arrange the numbers \a(F(k))\ in the increasing order and thus we 
obtain a transposition a of the index-set {0, 1,2,..., m} such that 

\a(F(a(0)))\ < \a(F(a(l)))\ <...< \a(F(a(m)))\. (3.2) 

The main results of this situation. 

Theorem 3.1 (0, Theorem 4.2). Let X be simplex / TO) . Let a : X ->■ X 

be a mapping given by Ii3. 1\) and B = aT a is WSO in L 2 (X,fi). Assume 
that a G C(X), a(x) 7^ for all x G X, and all the numbers \a(F(k))\ are 
different. Let a be the transposition such that 113. j[) holds. Assume also that 

\a(F(0))\ < \a(F(m))\. 

The properties of the operator B — XI depend on the disposition of the 
numbers \a(F(k))\ and |A| in the following way. 
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I. Let 

|A| = |a(F(m))| or |A| = |o(F(0))|. 
Then the range ImiB — XI) is nonclosed subspace. 

II. Let 

|a(F(0))| < |A| < \a(F(m))\. 

Then dimker(£> — XI) = oo and the range Im(B-XI) is an everywhere 
dense subspace in L 2 (X,fx). 

The operator B — XI is right-sided invertible if and only if 

|A|^|a(F(*))| 

and the set {0,1,2, k } is invariant under the transposition a, 
where ko is such a number that 

\a(F(a(k )-l)\ < |A| < \a(F(a(k ))\. 

III. Let 

\a(F(a(0)))\ ^ |A| < |a(F(0))| or \a(F(m)\ < |A| < |a(F(<r(m))|. 

Then KeriB — XI) = and the range Im(B — XI) is a nonclosed 
everywhere dense subspace in L 2 (X,fi). 

4 Operators generated by Morse- S male type 
mappings 

The main object of investigation in the present paper is a class of WSO 
B = aT a in space L 2 (X, fx) where X is a-conected and a compact topological 
space, a : X — > X is an invertible, measurable Morse-Smale type mapping 
and a reduced coefficient a e C(X). 

According to Corollary 12.2} for a(x) ^ spectrum of the operator B = 
aT a is a ring 

E(B) = {X e C : min \a(F)\ < |A| < max \a(F)\}. 

FcFix(a) FeFix(a) 

Circles 

S k = {X : |A| = \a(F)\, F G Fix(a)} 

belong to and split the spectrum into smaller subrings. The spectral 

properties of B — XI are different for A belonging to every such subring and 
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every circle S^- In paper |4] the model example of operators induced by a 
map of Morse-Smale type has been studied. Maps a have three fixed points, 
where the point Fx is repelling, point F 2 is a saddle point and point F 3 is 
attracting. In this example the spectrum decomposes into two subrings and 
the properties of operator B — XI depend on the domination/ minoration 
relationships between numbers |a(i^)| and A. The form of these inequalities 
is determined by the dynamics of map a. Formulating the results even in 
that relatively simple case is very cumbersome - it involves 18 different 
subcases. It turns out that the subtle properties of operator B — XI have a 
different dependence on value a{F^) in fixed points of various types. Inorder 
to describe the dynamics of a we use the structure of the oriented graph 
G(X,a). The vertices of G(X,a) are all fixed points F G Fix(a) and the 
edge Fj — > F k belongs to G(X, a) if and only if there is a point x G X such 
that its trajectory a n (x) tends to Fk when n — > +00 and tends to Fj when 
n — > — 00. In these terms the oriented edge Fj — > Fk is included in the graph 
if and only if fl Qj 7^ 0, where 




Useing a structured graph we can simply formulate the important properties 
of the weighted shift operators. By using the coefficient a G C(X) and the 
number A G C we form two subsets of the set of vertices of the graph 

G~(X,a) = {FeFix(a): \a(F)\ < |A|}, 

G + (X,a) = {F G Fix(a) : |A| < |a(F)|}. (4.1) 

We say that (G~(A, a), G + (A, a)) give a decomposition of the graph, if the 
condition 

G(X,a) = G-(X,a)UG + (X,a) 

holds, i.e. if 

|A| ^ \a(F)\, V FeFix(a) . (4.2) 

The graph decomposition we call oriented to the right, if any edge con- 
necting the point Fj G G~(a, A) to the point Fk G G + (a, A) is oriented from 
F k to Fj. 

The decomposition we call oriented to the left, if any edge connecting 
the point Fj G G~(a, A) to the point Fk G G + (a, A) is oriented from Fj to 
F k . 

The basic result in this direction is the following. 
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Main Theorem 4.1. Let a be a Morse-Smale type of mapping. Let X be 
a compact space X and a G C(X). Let B be a weighted shift operator. The 
operator B — XI is invertible from the right (left) if and only if the graph 
decomposition (G~(a, A), G + (a, A)) is oriented to the right (to the left). 

Corollary 4.2. If there are j and k, such that the set R Qj is dense 
in X , then the image of the operator is closed if and only if the operator is 
one-sided invertible. 

5 Steps of proof of the Main Theorem. 

The Main Theorem may be proved in much the some way as Theorem 4.2 
in [5]. Here are some important sketches of these concepts. 

5.1 Reduction to operators B^. 

Consider a family of subsets Q k j hi X, such that n(Q k j) > 0. Then 
X = Clkj almost everywhere, 

and 

L 2 (X) = ® k ,L 2 (n k3 ). 

Let B k j denote the weighted shift operator in space L 2 (fl k j). It follows 
that 

B = (Bkj B k j. 

Therefor, an investigation of B can reduced to an investigation of B k j. The 
structures of operators B k j are similar, and it is sufficient to consider only 
one of them. We will consider operator B k j in L 2 (Q k j, fi k j) where Q k j '■= X 
is compact space and measure fi k j is such that 

then 

L 2 {X,ji) = ®kjL 2 (VL k j, /ifcj). 

This reduction is useful because the dynamics of a on Xq is simpler than the 
one on X. Map a : Xq — > Xq has one repelling point, Fj, and one attracting 
point F k , all other fixed points are saddle points. 
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5.2 Isomorphism of the spaces L 2 (Xq, /i) and L 2 (G, / 2 (^)) 

First of all we construct a representation of L>2(Xo, h) as a space L 2 (Q, Z 2 (Z)) 
of vector- valued functions dependent on a parameter r G 0, where is a 
subset of X . In this representation S takes the form of an operator- valued 
function B = B(t), where 

(B(r)u)(k) =a(a k {T))u{k + l), (5.1) 

are weighted shift operators in the space Z 2 (Z). Thus our problem is reduced 
to the consideration of a family of discrete weighted shift operators which 
can be studied in detail. 

Let us choose a fundamental set for the map a, i.e. such a measurable 
set 9 that the sets Qk = are disjoint and 

f i(X o \\Ja Ck (e)) = 0. 

k&Z 

For an arbitrary map a it can happen that the fundamental set does not 
exist, but for Morse-Smale type of mapping such sets exists. 

Lemma 5.1. Let a : Xq — >■ X be a map of the Morse-Smale type. Then 
the fundamental set exists. 

Proof. Vj, Vk are open neighbourhoods of points Fj, Fk such that VjHVk = 0. 
Let W = |J a j (V k ) satisfy a(W) C W and W n ^ = 0. If x G W, then 

i>i 

a(xo) G W, a 2 (xo) G and so on. Let us denote as a set of points from 
trajectoriy, which is the first in neighbourhood W, i.e. 

: = [W \ a{W)) n X Q . 

From this construcion set is a measurable set, fi(Q) > and 

Q J (e)n« fc (e) = 0, j k. 

□ 

The proofs of the assertions formulated below are in pi], [5]. 

Lemma 5.2 (Lemma 5.2 in [5]). If the image ImiB — XI) is closed then 
the image Im[B{r) — XI] is closed for almost all r G 0. 

Lemma 5.3 (Lemma 5.5 in [5]). The operator B—XI is right-sided invertible 
if and only if the operators B(r) — XI are right-sided invertible for almost 
all t G and for every such r a right-sided inverse R{r) to B(r) — XI can 
be chosen so that the family R(t) will be bounded with respect to operator 
norm. 
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From these lemmas we should find a family of the right-sided inverses 
operator to discrets operators B{r) and estimates their norms. 

5.3 WSO in / 2 (Z). 

Let Wu{k) = u{k + 1) be the shift operator defined in the space l 2 (Z), 
a = (o(fc)) be a sequence and aW be the weighted shift operator in l 2 (Z). 
We assume that a(k) ^ for all k, and there exist the limits 

lim a(k) := a(+oo) ^ 0, lim a(k) := a(— oo) ^ 0. 

fc— >+oo fc— >— oo 

Then spectrum £(aVK) is the ring 

E(aW) = {A : r < |A| ^ 

where 

= max{|a(+oo)|, |a(— oo)|}, r = min{|a(+oo)|, |a(— oo)|}. 
Assuming that 

|a(— oo)| < |A| < |a(+oo)| 

the operator aW — XI is right-sided invertible. In pL] a family of the right- 
sided inverses to aW — XI was constructed and estimates of their norms 
were obtained in Lemma 7.1 and Lemma 7.2 

5.4 The dynamics of Morse-Smale type mappings. 

Let a : X — > X be a Morse-Smale type mapping and Vi an open neigh- 
bourhood of the fixed point Fj. 

Lemma 5.4. Let 

X a :=X \{JV % . 

i 

There exists a number iVeN smc/j i/jcrf for every t£0 i/ie number of the 
indeks where a n {r) 6 X is no larger than N, i.e. 

card({a n (T)} f)X )<N V ree . 

Proof. Let us denote V := Ui Set ^ i s open, then X = X \ V is closed. 
Set X can be represented in the form 

oo 

X =\J{Ja~ n (V i ). 

n=l i 
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This is an open cover of X . While X C X is closed and compact, there 
exists a finite subcover, i.e 

N 

*oc UU a " n (^)\IJv;. 

n=l i i 

We have card({a n (r)} fl Xq) < N. □ 

Lemma 5.5. Let S be an arbitrary natural number, F a ,F b G Fix(a) and 
exist edge F a — > F b . There exists an open set W C X , such that for every 
x eW 

card({a j (x)} fl V a ) > S, card({a j (x)} n V b ) > S, (5.2) 

and the points of trajectory a^(x) after they leave neighbourhood V a but do 
not yet come to neighbourhood V& do not lay on the other neighbourhoods of 
points Fi G Fix(a). 

Proof. Let Fix(a) = {F a , F b } then F a is attracting point and F b is repelling 

point. There exists an open set W = [ja~ l {V b ) that condition ([ED holds. 

i>i 

For i 6 If we have: 

lim a n (x) = F a and a - n (W) C W and lim a - n (x) = F b . 

n—too n—>oo 

Let F a ,F b G Fix (a) be saddle points. Choose open sets W a ,W b such that 
W a C 14, W b C H and 

Va, e w care? ({a J (x)} n V a ) > S, V xe w b card ({a 3 (x)} n V&) > S. 

There exists an open set W = W a n a _1 (W 6 ) that condition (jOJ holds. 

□ 
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